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SUMMARY

An approximatemethod.forrapiddeterminationofthepressure
changeforsubsonicflowofa compressiblefluidunderthesimultaneous
actionof’heattransfer,friction,rotation,andareachangeisde-
veloped.Inthedevelopmentofthismethod,themomentumequationwas
approximatedandrearrangedfora convenientsolutionemplo~ngcharts.
Thisreportpresentsboththeanalysisinvolvedin simplifyingthemo-
mentumequationandthechartsnecessaryforobtainingparticularsolu-

4 tions.Thechartsprovidea step-by-stepsolutionwhichconvergesto
g anexactsolutionasthenmiberof stepsis increased.An illustrative

exampleandcomparisonwithmorerigorousnumericalsolutionswithcon-
ditionstypicalforair-cooledturbinebladessreincluded.Thesecom-

. parisonsshowthatthesolutionconvergesrapidlytoprovidegodd
accuracy.

.

Theeffectivedesignof

INTRODUCTION

ductsto accommodateairflowrequirespar-
ticular solutionsofthemomentumequationfordeterminingthepressure
changesencountered.Simplifiedmethodswhichgiveanaccuracysuffi-
cientforengineeringpurposeswe indemand.An approximatemethod
fordeterminingsuchparticularsolutionshasbeendevelopedforthe
one-dimensionalflowofa compressiblefluidundertheinfluenceofheat
transfer,friction,rotation,andareachange.

A n-er of studiesofone-dimensionalflowofa compressiblefluid
havebeenpublished.Reference1 presentsa rathercompletetreatment
includinga formofthemomentumequationwithheattransfer,friction,
andareachangewhichis suitablefornumericalintegration.As anaid
forexpeditingthenumericalintegration,coefficientsofthediffer-
entialsinthemomentumequationof reference1 havebeentabulatedas
“influence”coefficientsinreference2. Theanalysesofreferences1
and2 havebeenextendedinreference3 to includerotationalforces..

.
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Reference3 alsoprovidesa formofthemomentunequationsuitablefor
numericalintegrationandtabulates“influence”coefficientsforex-
peditingthecalculations.However,inallcases,thenumericalinte-
grationsasemployedinreferences1 to 3 aretediousandtimeconsum-
ing. Particularsolutionssuitableforrapiddeterminationofpressure
changesforone-dimensionalflowwithbotharbitraryandspecfficheat-
inputdistributionshavebeenpresentedinreferences4 to 7. However,
thesesolutionsincludeonlyheattransferandfriction.Inaddition,
reference8 developedanapproximatesolutionforconstantflowsreain-
cludingrotationaswellasheattransferandfriction.Theapproxima-
tionsofreference8 werebaseduponexperimentaldataforcooledtur-
binebladestestedunderstaticconditions.Althoughthetimerequired
fora particularsolutionofthemomentumeqmtionandstisequenteval-
uationofthepressurechangewasappreciablyreducedwhentheapproxi-
matesolutionofreference8 wasutilized,thethe requiredfora large
numberofparticularsolutions,asfrequentlyrequiredfordesignpro-
cedures,remainsverylengthy:In addition,reference8 doesnotaccount
forflow-areachangesfrequentlyencounteredinactualpractice.

t

.

Sincea methodfortherapiddeterminationofthepressurechange
throughductswithheattransfer,friction,rotation,andareachange
isindemand,themomentumequationhasbeenapproximatedandrearranged
fora convenientsolutionemployingcharts.Thepurposeofthepresent
reportistopresenttheanalysisinvolvedinsimplifyingthemomentum
equationsothata graphical.solutionispossibleandtopresentthe .
chartsnecessaryforobtainingparticularsolutionsforsubsonicflow.
Heattransfer,friction,rotation,andareachangesareallincludedin
thesolutions.Thechartsprovidea step-by-stepsolutionwhichcon- *
vergestoan exactsol’utionasthenuniberofstepsis increasedandis
limitedonlyby thegraphicalaccuracy.Comparisonsarealsomadewith
thesolutionsdeterminedfromthemoreexactnumericalintegrationof
reference3 fortypicalexamplesofair-cooledturbineblades.

ANALYSIS

Thegeneralmomentumequationforone-dimensionalflowisapproxi-
matedandrearrangedto formthebasisfortheconstructionof charts
suitableforthedeterminationoftheMachnumberchangewithflowunder
thesimultaneousactionofheattransfer,friction,rotation,andarea
change.A relationbetweentheMachnumbersandpressuresisfinally
determinedsuchthatchartsmaybe emplo~dto evaluatethepressure
changesina ductoncetheMch numbercha~-esareknown.Theenergy
changesmaybe arbitrarilyspecifiedintermsofthetotal-temperature
changesandmaybe evaluatedby a proceduresuchasthatgiveninref-
erence3. .
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EvaluationofMachNunibers

Thedifferentialformofthegeneralmomentum
dimensionalflowis (ref.3)

dF
a -Fbpgik+PVdV+~=O

equationfcmone-

(1)

where x increases in the flow direction (all symbolsare defined in
a~endix A). The differential dr~ force canbe expressedby the
eqmtion

(2)

andthebodyforcesperpoundofweightflow,asresultingfromrota-
tionabouta central.axis,canbe expressedby theequation

(3)

Iftheclifferentialmomentum
pression

PVdV

andequations(2)to (4)are

changeisreplacedby theeqyivalentex-

= d(PV2)- V d(@T) (4)

stistituted intoeqwtion(1),themomentum
equation,as integratedbetweenstationsx and x+&, becomes

rpxw /-YPv2)x+& f’(Pv)x*

J dP -l-
Px J (Pv2)x

JX+AX
02rpdx

x

Thefirsttwotermsof equation

Jd(PV2)- V d(PV)-
(Pv)x

J+‘*4f Pv2ti=o——
%2

x

(5)

(5)canbe integrateddirectly.How-
ever,thelastthreeint;gralsofequation(5)cannotbe evaluated
directlyandthereforesreapproximatedinorderto obtainformswhich
canbe convenientlysolved.Thethirdintegral,whichexistsonlyin
thecaseofareachange,andthefifthintegral,whichexpressesthe
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dragforces,maybe convenientlyapproximatedby usingtheintegrandas .
theaverageofthevaluesattheendpoints.Thatis,

J(PV)X*
(Vx + VX*)

V d(@7)- 2 [( )Pv .* - (Pv)x]
(Pv)x

and

(6)

(7)

Inordertofacilitatea convenientsolution,thefourthintegral,
whichexpressestherotationalforcesinequation(5),willbe approxi-
matedby either

P X+AX

J u?rpdx N &rxp#x (8a)
x

. . —

F

or

JX-I-AX
u2rpdx =

x
~rx+4xpx+A@ (8b) “

dependinguponwhetherthesolutionisInitiatedwiththeconditionsat
thestationx orthestationXMX. Sincetheintegrandofeither
equation(8a)or (8b)isapproximatedby the.valueata singleendpoint,
theapproximationis ingenerallessaccuratethanthosegivenby equa-
tions(6)and(7). Equations(6)to (8)become’identitiesinthelimit
as Ax approacheszero.

Becausethedensityandvelocityvariationsfromstationsx to
X+4X areapproximatedby equations(6),(7),and(8),theenergyequa-
tion mustbe employedonly to determinethe total energychange.

Whentheapproximationsgivenby equations(6),(7),and(8a)are
substitutedintoequation(5)andthefirsttwotermsofequation(5)
areintegrated,theapproximatemomentumequationbecomes

.

● ✎
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PX+AX - Px + (PV2)X* - (PV2)X
Vx +VX*

2 [( )PvX* - (Pv)x]-

However,ifequation(8b)isused
matemomentumequationbecomes

insteadofequation(8a),theapproxi-

Vx + Vxti
P~+& - P~ + (pvqx+& - (PV2)X- 2 [(PV)X* - (Pv)x]-

Ifthevariablesofequations.(9a)and(9b)arechangedby emplo@n.g
thecontinuityequation,therelationbetweenthetotalandstatictem-
peratures,andtheequtionof state,thetwoformsoftheapproximate
momentumeqpationcanbe reducedtotheusefulrelations(appendixB)

(lOa)

and

where

F(M,A)= 1
[
1

( )

- # (A-4j

M 1 + Y-1~2 1/22

(U)

(12)
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4fx&
A #x#w
X+AX=-D h,x+ilx (~-

1)
(13)

(14)

Thetotal-temperatureratioinequations(10)maybe evaluatedfrom
a solutionoftheenergyequationsuchaspresentedinreference3.

EvaluationofPressures

By applyingthecontinuityequationandtheequationofstate,fhe
weightflowcanbe expressedas

or

(15)

(16)

Sincetherelationbetweenthetotalandstatictemperatureasgiven
by theenergyequationis

.

—

(17)

eqution(16)canbe rewrittenintheform

*=hp(l++’)’/’ (18)

wing pi/p = (TI/T)T/(y-l) to exPress equation (18)intermsofthe
totalpressuregives

+

r+l)
w@r_ 6( -2~-lTAM I+~M2p 1A R 2 ) (19) .

.
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?
Equations(18)and 19)areplottedtnfigure1 for T = 1.40with
w@/PA and w T’/P’Aastheordinatesand M astheabscissa.
EYomtheMachnumberthevalueofeitherw@/P’A or w@/PA can ‘
be determinedfromfigure1. Thenfromthegivenconditionsandarea,
P or P’ canbe coqnzted.

CALCULATICI!TPROCEDURE

Equations(lOa)and(lob)representthefinalformsofthemomentm
equationtobe usedinsolvingfortheMachnurberateitherstationx
or x%x. Iftheconditionsareknownat stationx,theMachnuniberat
stationx+& isdeterminedfromequation(Ma);whileiftheconditions
areknownat stationx+Ax,theMachnmiberat stationx isdetermined
fromequation(lCb).Increasingvsluesof x, correspondingto a posi-
tive Ax,mustbe intheflowdirection.A givenductcanbe divided
intoanarbitrerynuuiberof incrementsin Ax (notnecessarilyofthe
samelength),andtheMachnuuiberchangethroughthatductcanthenbe
computedby progressingstepwisefromtheendwhereallconditionsare
blown.Thesizeofeachincrementshoulddependupontheaccuracyde-
sired.Subsequentexsmpleswillindicatetheconvergenceofthesolu-
tionas & isdecreased.

Both F(M,A)and G(M) havebeenplottedinfigure2 forairwith
r = 1.40 to expeditethesolution.Sincey hasa secondaryeffect
ontheMachntier changeandthevariationof r encounteredinair
flowissmall,theconsiderationof othervaluesof y isunwarranted.

TheprocedurefordeterminingtheMachnuniberchangeandthusthe
pressurechangewithairflowingina ductisto useequation(lOa)or
(lob)andfigures1 and2. Forexample,theprocedurefordetermining
thelkchnudberat stationx fromtheconditionsat stationx+-Axis
to firstevaluate~~ (eq.(14)).FromthevalueoftheMch nunber
at stationX+AX and ~~, thevaluesof F(Mx+&,&_& and
G(~W) arereadfromfigure2. Then,withthespecifiedvaluesof

fromequation(lOb).from F(~~&) and Ax (eq.(13)),theMachnm-
berat stationx isreadfromi’igure2. OncetheMachnunberssre
known,thepressurechangecanbe determinedfromfigure1. To illus-
tratethisprocedure,a typicalsamplecalculationforan air-cooled
turbinebladeincludingheattransfer,friction,rotation,andarea
changehasbeencarriedoutintableI withthepassagedividedinto
twoequalparts.Doublecolmnns(column9 andCOIWS 20to 27)are
includedinthesamplecalculationsetupintableI sothatthecalcu-
lationscouldproceedfromeitherthe x or x+lk station.Foreach
ofthesedoublecokmns,theleftcohnnnisapplicableif’thesolution

—
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isinitiatedat stationx-!+k,whiletherightcolumnisapplicableif
.

“thesolutionisinitiatedat stationx. Thefirst11 columnsoftable
—

I givetheconditionswhichmustbe prescribed.Althoughthefriction.
coefficientf isassumedtobe thesameatboththe x and x+!k

.

stations,itmaybe allowedto vsryifgreateraccuracyseemswarranted:
TheremainingcolumnsoftableI givethecomputationsrequiredto de-
terminetheMachnumberat eitherstationx or x+dx. Thesamplecal-
culationshownisforthedeterminationoftheMachnumberat station
x fromconditionsat stationx+Ax.

RESULTSANDDISCUSSION
—

Inorderto evaluatetheaccuracyofthesolutionpresentedherein,
calculationsweremadeforconditionstypicalofthoseoccurringfor
air-cooledturbineblades(1)by useofthechartsand(2)by themethod

—

ofnumericalintegrationpresentedinreference3. Theresults ofthese
calculationsemployingequation(Mb}with1, 2,and4 stepswithincre-
mentsofequallen@haretabulatedintableIIandcomparedwiththe
resultsobtainedfromthemoredetailednumericalmethodsofreference
3. ThreecasesareillustratedintableII: (I)heattransferand
friction;(II)heattransfer,friction,androtation;(III)heattransfer,

—

friction,rotation,andareachange.Forthefirsttwocases,theair
temperaturewasassumedto varylinearlyfromtheinlettotheexit.
However,forthethirdcase,theairtemperaturewasvariedexponentially

-.

to correspondwithflowinsidea ductheatedby crossflowandwithcon-
stantinsideandoutsidesurfaceheat-transfercoefficients,Thetotal “_
pressuresusedforevaluatingthepercentage‘differencesbetweenthose
obtainedbythetwosolutionswerecomputedfromfigure1 andtheknown
conditionsandareas.

It isshownintable11thatthesolutionsconvergerapidly.In
addition,thecomparisonbetweenthetwosolutionsshowsthatgoodagree-
mentisobtainedby usingonlytwosteps.Evenforthethirdcase,the
computedtotalpressuresagreedwithin4 percentforonlytwosteps.In
thiscasethedisagreementwasessentiallyeQmikatedby usingfoursteps.
Solutionswerealsotidewitheightsteps,butfortheconditionsused
intheexamplesoftable11,theimprovementovertheuseoffoursteys
wasprobablynotwithintheaccuracyofthecharts.Theapproximations
givenby equations(6)to (8)areleastaccurateatthehigherfWwMach
nuniberswhereslightchangesinthetotalpressurecauselargechanges
intheMachnumber(fig.1)and,therefore,largechangesintheveloc-
ityandstateconditions.Forthisreason,theMachnumbersusedinthe
examplesoftableIIareintentionallyhigh. lt shouldbepointedout
thattheaccuracyoftheapproximationsemployedinequations(10)are
dependentuponMachnumberchanges,andnotthepassagelength,whenro-

-.

tationalforcesae neglected.Thus,theacc~aciesshownby theresults
oftablell-areindicativeoftheaccuracieswhichwouldbe obtainedfor v
longerpassageswithsimilarMachnumberchangesduetoheattransfer,
friction,andareachangealone.
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. Inmanycasestheairtemperaturevariesexponentiallywith x as
in case IIIoftableII. In orderto checktheeffectontheMachnum-
berchangeofusingthemoreeasilyobtainablelinesrairtemperature.
distributioninsteadofan exponentialvariation,theexamplespresented
intableIIwererecomputedasfollows:(1)CasesI and11,whichwere
calculatedfortableIIwithaolinesrairtemperaturedistribution,were
determinedforanexponentialdistribution,and(2)caseIIIwascom-
putedfora lineervariationinsteadoftheexponentialairtemperature
distributionusedfortable11. Theresultsofthesecalculationsshowed
thatthedifferencesbetweenthetwovariationswerenegligibleandprob-
ablyofthesameorderofmagnitudeastheaccuracyofthecharts.For
thisreason,itappearsthatalthoughtheairtemperaturemightvaryex-
potentiallywith x,forconveniencea linesrvariationmaybe assumed
forevaluatingthetemperaturesneededfortheincrementalmibdivisions.

CONCLUDINGREMARKS
N

g
A methodisdevelopedfortherapiddeterminationoftheMachnum-

berchangeandpressurechangefortheflowofa compressiblefluidin
a ductwithheattransfer,friction,rotation,andareachange.The
methodusesa step-by-stepintegrationwhich,whenappliedto specific
examplestypicalforah-cooledturbineblades,convergedrapidlyand
providedgoodaccuracytith,atmost,onlyfoursteps.In addition,for. thesespecificexaaples,a negligibledifferenceoccurredbetweenusing
a linearoran exponentialtemperaturevariationalongtheductlength.
Thisresultindicatesthatthemoreconvenientlinesxtemperaturevari-. ationmaybe usedforevaluatingthetemperaturesfortheincremental
subdivisionsiftheactualtemperaturevariesexponentially,asfre-
qmntlyoccursinpractice.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,April14,1954

.
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APPENDIXA

SYMBOLS

Thefollowingsymbolsareusedinthisreport:

flowarea,sqft

ductlengthor span,ft

hydraulicdiameter,4A/Z,ft

generalizedbodyforce,lb/lbof coolant,u2r/g(eq.(3))

dragforce, lb

F(M,A) 1

( )M l+y&M21/2

f

G(M)

g

2

M

P

p!

R

r

s

T

T,

[ 1@ (A- 4) (eq.(11))1-4

frictioncoefficient

standsxdaccelerationdueto gravity,32.2ft/sec2

wettedperimeter,ft

Machnuuiberrelativetopassage

staticpressure,lb/sqft abs ,

totalpressurewith’respecttopassage,lb/sqft

gasconstant,53.3ft-lb/(lb)(%)

radius,ft

surfacearea,sqft

statictemperature,OR

totaltemperaturewithrespecttopassage,‘R

. .

.

—

—

.

t
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v

w.

x

1-

Ax

%-AX

P

Q

u)

3150

velocityrelativetopassage,fk~sec

weightflow,lb/see

distancemeasuredfrompassageinletinflowdirection,ft

ratioof specificheats,1.40

massdensity,slugs/cuft

u2rAx
T’

angular

Slibscripts:
.

e exitof

velocity,

passage

. i inletofpassage

x distancemeasured

radians/see

frompassageinletinflowdtiection,ft

11
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APPENDIXB

DERIVATIONOFAPPROXIMATEMOMENIUMEQUATION .

Uponcollectingtermsandemployingtherelations

()(POX* : (Pv)xVx
()

(PV2)X(PV)X*=( Pv)x*~ ~ ‘~ Tmy

and

()(pv)x* =

equation(9a)becomes

(PV2)X*
P’* - Px -

[
-2-2

(Pv)x 4fx##x
4 1G-~,x*+
(PV)X* 4fx~1~+~x-02r’p’h=>(PV2)x

[
—-2-24

andequation(9b)becomes

(20a)
.

.

(PV2)X*

[

(Pv)x 4f‘*AX
PX* - Px - 4 -2-2 1m- Dh,x*+
(Pvqx

[
-2-2 (P&& 4f#

T + Dh,x1
- m2rx~Px# ‘ o4 (20b)

Ifthecontinuityequationisemployedto obtaintherelation

w = (pVA)~= (PVA)x~

or

(Pv)x &+&
-=7 x

(21) -
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andifthesimplifyingnotations

. Ax’

Ax-l-Ax =

Z-2(2X-1)

areused,equation(20a)becomes

(PV2)X*
PX* - Px - 4 (L* - 4) +

(P:’)x (Ax - 4) -~T~Px=

andequation

P -Px -X+AX.

(20b)beco~s

(PV2)X* (PV2)X
4 (%* - ~)+~(~ - ‘$)-Qx+&T;+&’x+&

13

(13)

(14)

o

(22a)

= o

(m)
. A moreconvenientformofequations(22a)and(22b) canbe obtainedif

thevariablesarechangedby emplo@ngtheequationof state,theenergy
equation,andthecentinuity equation.Fromtheequationof state,
pV2 canbe expressedas

~ # . y+’pvz = —
@T

(23)
.

Inaddition,the
tinuity equation

staticpressurecanbe eliminatedby usingthecon-
andtheequationof stateasfollows:

W = gpAV= & AV (24)

or

—

(25)
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wherethetotal-to static-temperatureratio-canbe eliminatedby using
theenergyequationintheform —

. —

(17)

to give theexpression

rP=; ~ 1

( )
M 1 + r-l~2 w2

(26) ‘

Finally,applicationofthecontinuityequationgives

T’p WT’p WT’ 1=— =—-
gpw gA v

(27)
..—

““=bl%w (28)

or,by incorporatingequation(17)inequation(28),
.

.(29)

4/+-Ifequations(23),26),and(29)aresubstitutedintoeq~tions(22a)
and(22b)and w R yg isfactoredout,thetwoformsofthea~roxi- .=
matemomentumequationbecome

=0

(30a) .

.
and
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.

(30b)

Uponstmplifyingj rearrangiuj and emlo@ng the ~f inition of Q)e~=-
tion(30a)becomes

. where

F(M,A)= 1
[

yM2(A-4)l-T

( )

1/2 1
Ml+~M2

(
l+~M2

)
l/2

G(M)=

(n)

(12)
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.

case

bII

CIII

TABLEII.- COMPARISONOFRESULTSFROMNUMERICALAND

GRAPHICALSOLUTIONS

~.7595

.6864

.658

1.0

1.0

3.04

0.833I 0.4190.4060.4160.418
.800

I
.505 .472 .498 .501

.629I d.141 .123 .135 .140

(qref-(q ~~m~

(p;)r&
Trial

=Fl=
.0510 .009I .006
.134I ●042I ,009

%eat transferandfriction.
bHeattransfer,friction,&d rotation.
%eat transfer,friction,rotation,andareachange.

+
.—

.

.

.
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Machnumber,M

Figure1. - Evaluationofwei@t-flowparameterfrcmhkh nuubw

(ratioof specificheats,1.40). (A15&by 17-in.printof
thisfig.isattached.)
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,C4 .09 .C4

Wch number

(a) hkhmnuberrange,0.045to OJ380.

Figure2. - Evaluationof F(M,A)and G(M)(ratioof specific
heats,1.40).(A12-by 20-in.prtitofthisfig.is
attached.)
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.

.

I&chnumber

(b)hkchnumberrmge,0.075to0.25.

Figme 2. - Ccmtinued.Evaluationof F(M,A)and G(M)(ratioof

specificheats,1.40). (A14~-by 20-in.printofthisfig.Is
attached.)
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Machnumber
(c)M9chnumberrange,0.20to1.0.

Figure2.. c~cwdea. Evaluationof F(M,A)and G(M)(ratioof

specifickatB, 1.40).(A14$-by20-in.printofthisfig.is

attached.)
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(C) Mach number range, 0.20 to 1.0.

Concluded. Evaluation of F(M, A) and G(M) (ratio of specific heats, 1.40).
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(a) Mach number range, O.O45 to 0.080.

Figure 2. - Evaluation Of F(H,A)- Q(M)(ratio of specific heats, 1.40). IiAch-m
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(b) Mach numb~ range, 0.075 to 0.25.

Figure 2. - Continued. Evaluatim of F(M,A) and II(M)(ratio of specific heats, 1.40).
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